On the evolution equations for ideal magnetohydrodynamics in curved
  spacetime by Pugliese, Daniela & Kroon, Juan A. Valiente
ar
X
iv
:1
11
2.
15
25
v2
  [
gr
-q
c] 
 9 
Ju
l 2
01
2
Noname manuscript No.
(will be inserted by the editor)
On the evolution equations for ideal
magnetohydrodynamics in curved spacetime
Daniela Pugliese · Juan A. Valiente
Kroon
Received: date / Accepted: date
Abstract We examine the problem of the construction of a first order sym-
metric hyperbolic evolution system for the Einstein-Maxwell-Euler system.
Our analysis is based on a 1 + 3 tetrad formalism which makes use of the
components of the Weyl tensor as one of the unknowns. In order to ensure
the symmetric hyperbolicity of the evolution equations implied by the Bianchi
identity, we introduce a tensor of rank 3 corresponding to the covariant deriva-
tive of the Faraday tensor. Our analysis includes the case of a perfect fluid with
infinite conductivity (ideal magnetohydrodynamics) as a particular subcase.
Keywords Magnetohydrodynamics, initial value problem
1 Introduction
The present article is concerned with the construction of a first order system of
quasilinear hyperbolic evolution equations describing a charged ideal perfect
fluid coupled to the Einstein field equations —the Einstein-Maxwell-Euler sys-
tem. As the fluid is charged, one needs to bring into consideration the Maxwell
equations to describe the electromagnetic field produced by the charged fluid
flow. This system contains as an important subcase that of the so-called ideal
magnetohydrodynamics (MHD) —which applies applies to the study of plasma
in situations where a fluid subjected to significant magnetic fields.
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As it is well known, General Relativity admits initial value problem for-
mulation whereby one prescribes certain initial data on a 3-dimensional hy-
persurface, and one purports to reconstruct the spacetime associated to this
initial data —a so-called Cauchy problem. The formulation of an initial value
problem is a necessary starting point for the construction of numerical solu-
tions to, say, the Einstein-Maxwell-Euler system. The importance of a initial
value formulation of the system under consideration is not restricted to nu-
merical considerations, it is also a natural starting point for a wide variety of
analytical studies of the qualitative properties of the solutions to the equa-
tions. In this article we approach the construction of the evolution equations
of the Einstein-Maxwell-Euler system from the point of view of mathematical
Relativity. Hence, the amenability of our analysis to analytic considerations
takes precedence over numerical considerations of implementability. Examples
of qualitative aspects of the solutions to, say, the Einstein-Maxwell-Euler sys-
tem requiring an suitable initial value formulation are the discussion of local
and global existence problems and the analysis of the stability of certain ref-
erence solutions. Our initial value formulation of MHD will be used elsewhere
to discuss the stability of certain spherically symmetric configurations using
the methods of [1].
In order to formulate an initial value problem for the Einstein-Maxwell-
Euler system, one has to break the covariance of the equations by introducing
coordinates and choosing a preferred timelike direction in the spacetime. This
choice of coordinates and timelike direction is usually known as a gauge choice.
In matter models which contain fluids, there is a natural timelike direction —
that given by the fluid flowlines. The reasons behind the need of a gauge
choice to formulate an initial value problem are technical: the machinery of
the theory of partial differential equations does not apply to tensorial objects.
As a consequence, the discussion of initial value problems in General Relativity
is inherently gauge dependent.
The motivation behind the gauge choice procedure discussed in the pre-
vious paragraph is to deduce, from our basic set of (tensorial) equations, a
closed1 subsystem of evolution equations which is in what is called symmet-
ric hyperbolic form —see e.g. [2] for precise definitions. This procedure is
sometimes called hyperbolic reduction. Once a symmetric hyperbolic system
of equations has been obtained then the machinery of the theory of hyperbolic
equations applies and ensures that for suitable data prescribed on an initial
hypersurface, the evolution equations have a local solution (i.e. a solution that
exists at least for for a small interval of time) and that the solutions thus
obtained is unique. The same theory also ensures that the solutions obtained
from the Cauchy problem depend continuously on the values of initial data.
An initial value problem with the properties described in the previous para-
graph is said to be well-posed. It is important to point out that if a certain
reduction procedure does not lead an hyperbolic system, this does not imply
1 Closed in this context means that there should be as many equations as unknowns.
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that the resulting problem is not well posed —this this would require a much
more detailed analysis. Symmetric hyperbolicity is just a necessary condition
for well-posedness.
The purpose of the present article is to show that the Einstein-Maxwell-
Euler system admits a reduction procedure leading to a system of symmetric
hyperbolic evolution equations. This system of equations is of first order. As
a consequence of our construction one automatically obtains a local existence
and uniqueness result for the system under consideration.
The hyperbolic reduction procedure described in the present article bor-
rows from the discussion of the evolution equations for the Einstein-Euler
system by H. Friedrich in [3] —see also [2,4] and [5]. In this reference a La-
grangian gauge was used to undertake the hyperbolic reduction and to obtain
the desired evolution equations. The term Lagrangian means, in this context,
that one uses the flow lines of the fluid to construct the preferred time direc-
tion on which the hyperbolic reduction is based. As it will be seen in the main
body of the article, this choice has important technical advantages. The central
equation in this discussion is the Bianchi identity. It provides evolution equa-
tions for the components of the Weyl tensor. The addition of electromagnetic
interactions to Friedrich’s system destroys, in principle, the symmetric hyper-
bolic nature of the evolution equation as derivatives of the Faraday tensor
enter into the principal part of the Bianchi evolution equations. This difficulty
can be handled by the introduction of a new field unknown corresponding
to the derivative of the Faraday tensor for which suitable field and evolution
equations can be obtained —this idea is borrowed from the analysis of the
conformal Einstein-Maxwell system of [6]. The system of equations considered
are similar in spirit to those frame formalism equations of [7].
The evolution equations for the Einstein-Maxwell-Euler system were first
considered from the perspective from the Cauchy problem in [8] —see also
[9]. This analysis makes use of a traditional formulation of the Einstein field
equations in which the gravitational field is described by the metric tensor,
and uses wave coordinates to obtain non-linear wave equations for the metric
tensor. In this approach, the resulting evolution system is of mixed order. As a
consequence, the so-called Leray theory needs to be used —see [9]. As pointed
out in that reference, a first order formulation of the problem does not nec-
essarily improve the analytic results that can be obtained with a mixed order
one. However, first order formulations may be preferred in numerical compu-
tations and in the analysis of the motion of isolated bodies —notice, however,
the local existence result for isolated bodies consisting of dust (charged and
uncharged) given in [10] which is based on a mixed order formulation. In any
case, to the best of the author’s knowledge, there is no frame formulation of
the Einstein field equation with is used in current numerical simulations of
the Einstein field equations. From our particular point of view, the value of
first order formulations of the Einstein-Euler system like the one being used
here lies in their amenability to a detailed analysis of their linear and non-
linear stability —see [11,12]. Alternative discussions of the problem of the
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well-posedness of the evolution equations of the Einstein-Maxwell-Euler sys-
tem and of magnetohydrodynamics can be found in, for example, [13,14,15,
16,17], and [18].
There are several formulations of the evolution equations of the Einstein-
Maxwell-Euler system geared towards its use in numerical computations. With-
out the aim of being exhaustive, we notice in particular [19,20,21] —a good
point of entry to the extensive literature in this respect is the review [22]. A
peculiarity of the systems given in [19,20,21] is their explicit use of the con-
ditions of ideal magnetohydrodynamics to construct their system. Hence, they
may require some modifications if one is to use them to model more general
types of electromagnetic fields. The question of the hyperbolicity of these sys-
tems is by no means direct and has to be analysed with certain amount of
care. In particular the reference [19] makes use of an ADM formulation for the
Einstein part of the system which is known to have problems concerning hy-
perbolicity —see e.g. [4]. This problem has been addressed in [20,21] by using
a so-called BSSN formulation for the geometric part —see e.g. [23] for further
details. The BSSN equations are first order in time and second order in the
spatial coordinates and are known to satisfy, in the vacuum case, a certain no-
tion of hyperbolicity (strong hyperbolicity) under certain additional conditions
—see e.g. [24]. Local existence and uniqueness of solutions to strong hyperbolic
systems follows under some further assumptions —see e.g. [25]. However, be-
cause of the mixed order nature of the system, it is not directly obvious that
this hyperbolicity property is preserved if one extends the vacuum Einstein
system to the Einstein-Maxwell-Euler one despite the lower order coupling of
gravity to the charged fluid. To the best of our knowledge this issue has not
been addressed in the literature. A discussion on the caveats of this type of
reasoning can be found, for example, in Section 8.5 of [25].
It should be pointed out that the evolution equations discussed in the
present article are only suited to the discussion of unbounded self-gravitating
charged fluids. In order to accommodate an initial boundary value problem,
further structure needs to be verified in the equations. For example, it is not
known whether our evolution equations are compatible with the class of max-
imally dissipative boundary conditions used in, say [26], to show the well-
posedness of the initial boundary problem for the vacuum Einstein field equa-
tions. In any case, it is interesting to point out that the analysis of [26] makes
use of a frame formalism similar to the one used in the present article.
Symmetric hyperbolicity, despite being a technical mathematical notion
has a deep physical significance. Moreover, the question of the well-posedness
of the evolution equations of the Einstein-Maxwell-Euler system is a problem
that touches upon many aspects of current theoretical and numerical analysis
of physical phenomena. Particular examples of these systems are given by by
accretion disks around compact objects. Due to the complexity of the under-
lying equations, the analysis of the stability and the shape of disks and flows
is often addressed by numerical methods. Further applications of charged per-
fect fluids in General Relativity can be found in, for example, [22,17,27,28].
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Numerical simulations of magnetohydrodynamical systems with astrophysical
applications in view have been a topic of interest in recent years —see for
example [29,30,31,32,33].
The present article is structured as follows: The tetrad formalism used
in this article is briefly reviewed in Sec. 2. In Sec. 3 we write and discuss
the relativistic equations describing a charged perfect fluid. General remarks
concerning the reduction procedure to obtain suitable evolution equations are
given in Sec. 4; the resulting evolution equations are discussed in Sec. 4.2 and
the subsequent sections. The auxiliary field describing the covariant derivative
of the Faraday tensor is presented in Sec. 4.3. A summary of the evolution
equations is given in Sec. 4.6. The case of an infinitely conductive fluid (MHD)
is briefly explored in Sec. 4.7. Some concluding remarks are given in Sec. 5.
Finally, in Appendix A we briefly discuss certain issues concerning homentropic
flows and their relation to the equation of state of the perfect fluid.
2 Tetrad formalism
As mentioned in the introduction, our discussion of the Einstein-Maxwell-
Euler system will be based on a frame formalism. The purpose of the present
section is, mainly, to fix the conventions to be used in the rest of the article.
Let (M, gαβ) denote a spacetime. Our discussion will consider the two
possible conventions for the signature of the metric tensor gαβ . We introduce
frame fields {ea}a=0,...,3 on the spacetime M satisfying gab ≡ g(ea, eb) =
ηab = ǫ diag(1,−1,−1,−1) and ǫ = ±1 —see [34,7]. We denote by (ω
a) the
corresponding dual basis (cobasis)2. The frame fields ea and the cobasis ω
a
are expressed in terms of a local coordinate basis as
ea = ea
α∂α, ω
a = ωaαdx
α. (1)
Thus,
ωaαeb
α = δab, ω
a
αea
β = δα
β . (2)
The metric tensor and its inverse can be written as can be written in terms of
ωa and ea as
gαβ = ηabω
a
αω
b
β , g
αβ = ηabea
αeb
β . (3)
The coefficients of the commutator of the elements of the tetrad, D cab , are
defined by
[ea, eb] ≡ D
c
ab ec =
(
ea
α∂αeb
β − eb
α∂αea
β
)
∂β . (4)
The connection components (Ricci rotation coefficients), Γ ab c, of the tetrad ea
are defined by the relations
∇aeb = Γ
c
a bec, ∇aω
b = −Γ ba cω
c. (5)
2 Latin letters a are the tetrad indices while Greek letters α denotes the tensorial char-
acter of each tensor (spacetime indices). Latin letters (i, j, k, q, p), run in {1, 2, 3}, denoting
quantities in the tetrad space.
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In particular, since ea (ηbc) = 0, one has the symmetry Γa(bc) = 0. The Rie-
mann tensor, Rabcd, satisfying the Ricci identity
Rabcdωa = ∇c∇dωa −∇d∇cωa −∇[c,d]ωb, (6)
is given in terms of the connection coefficients Γ ab c by
Rabcd = ec (Γ
a
d b)− ed (Γ
a
c b)− Γ
a
e b(Γ
e
c d − Γ
e
d c) + Γ
a
c eΓ
e
d b − Γ
a
d eΓ
e
c b. (7)
In the sequel we will make use of the following decomposition of the Riemann
tensor
Rabcd = Cabcd +
{
ga[cSd]b − gb[cSd]a
}
, (8)
in terms of the Schouten tensor Sab
Sab ≡ Rab −
1
6
Rgab, (9)
and the Weyl tensor
Cabcd ≡ Rabcd + (ga[cRd]b − gb[cRd]a) +
1
3
R ga[cgd]b. (10)
In the previous expressions Rab ≡ R
c
acb denotes the Ricci tensor of gαβ , and
R ≡ gabRab its Ricci scalar. The components of the curvature tensor satisfy
the Bianchi identity
Rab[cd;e] = 0. (11)
Now, from the contracted Bianchi identities for the Einstein tensor, Gab ≡
Rab −
1
2gabR, satisfying
∇aGab = 0, (12)
we infer that
Fabc ≡ ∇dF
d
abc = 0, (13)
where Fabcd denotes the so-called Friedrich tensor
Fabcd ≡ Cabcd − ga[cSd]b. (14)
Taking the Hodge dual of Eq. (13) with respect to the index pair (c, d), we
obtain an equation similar to (13) for the tensor F˜abcd defined by
F˜abcd ≡ C
∗
abcd +
1
2
Spbǫ
p
acd, (15)
where ǫabcd denotes the components of the completely antisymmetric Levi
Civita tensor with respect to the frame ea and C
∗
abcd ≡
1
2Cabef ǫ
ef
cd.
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3 Ideal magnetohydrodynamics (MHD) in curved spacetime
In this section we introduce the basic equations describing a relativistic charged
perfect fluid coupled gravity —the Einstein-Maxwell-Euler system. The nota-
tion and conventions used are based on those of [3] and [27,28].
We start by considering the following Einstein equations
Gab = κTab, (16)
with an energy-momentum tensor, Tab, which can be split as Tab ≡ T
f
ab+ T
em
ab
where
T fab = (ρ+ p)UaUb − ǫ pgab (17)
is the energy-momentum tensor for an ideal fluid, while ρ and p are, respec-
tively, the total energy density and pressure as measured by an observer moving
with the fluid. The time-like vector field (flow vector) Ua denotes the normal-
ized future directed 4-velocity of the fluid. It satisfies
UaUa = ǫ. (18)
Associated to Ua we introduce the projection tensor
hab ≡ gab − ǫUaUb, (19)
projecting onto the three dimensional subspace orthogonal to Ua. Indices are
raised and lowered with gab. Thus, one has that h
a
b = δ
a
b − ǫU
aUb, h
b
ah
a
c =
hbc, and h
a
bUa = 0.
3.1 The electromagnetic energy-momentum tensor
The tensor T emab denotes the energy momentum tensor of an electromagnetic
field:
T emab = −ǫ
(
FacF
c
b −
1
4
FcdF
cdgab
)
, (20)
where Fab is the electromagnetic field (Faraday) tensor. The latter can be split
in its electric part, Ea ≡ FabU
b, and its magnetic part, Ba ≡ 12ǫ
abcdUbFcd, with
respect to the flow. Indeed, one has that
Fab = ǫ(2E[aUb] − ǫabcdB
cUd). (21)
Alternatively, the one can write
Fab = ǫ (Eab −
∗Bab) , (22)
where
Eab ≡ 2E[aUb],
∗Eab ≡ ǫabcdE
cUd, Bab ≡ 2B[aUb],
∗Bab ≡ ǫabcdB
cUd.
(23)
One can readily verify the properties
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BabU
b = ǫBa, EabU
b = ǫEa,
∗BabU
b = ∗EabU
b = 0, (24)
where, as before, ∗ denotes the Hodge dual operator. In particular, one has
that,∗∗Bab = −Bab, so that
∗Fab = ǫ (
∗Eab −
∗∗Bab) = ǫ (
∗Eab +Bab) , with
Ba =
∗FabU
b, ∗Fab =
1
2
ǫabcdF
cd, ∗∗Fab = −Fab. (25)
From the decomposition into electric and magnetic parts, one can readily verify
that the Faraday tensor has six independent components as these vectors are
both spatial —that is, EaU
a = BaU
a = 0. Using the decomposition into
electric and magnetic parts, the electromagnetic energy-momentum tensor,
Eq. (20), can be written as
T emab ≡ −
ǫ
2
UaUb(E
2 +B2) +
hab
6
(E2 +B2) + Pab − 2ǫG(aUb), (26)
where we have written E2 ≡ EaE
a and B2 ≡ BaBa, and Pab denotes the
symmetric, trace-free tensor given by
Pab = P(ab) ≡
hab
3
(E2 +B2)− (EaEb +BaBb). (27)
Furthermore,
Ga ≡ ǫauvdE
uBvUd, (28)
denotes the Poynting vector. Alternatively, one can rewrite Eq. (26) in the
form
T emab =
gab
2
(E2 +B2)− (EaEb +BaBb)− 2ǫG(aUb) − ǫUaUb(E
2 +B2). (29)
3.2 The Maxwell equations
The Maxwell equations are given by
∇[aFbc] = 0, ∇
aFab = ǫJb. (30)
Using Eq. (22) one can rewrite them as
∇[a
(
Ebc] −
∗Bbc]
)
= 0, ∇a (Eab −
∗Bab) = Jb. (31)
The homogeneous Maxwell equation can be rewritten in terms of the Hodge
dual of Fab as
∇a∗Fab = ǫ∇
a (∗Eab +Bab) = 0. (32)
Eq. (31) can be further expanded to yield
(
∇bEb
)
Ua − E˙a +∇
bǫabcdB
cUd + 2E[b∇
bUa] = Ja, (33)
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where E˙ ≡ Ua∇aEb stands for the covariant derivative of Ea along the flow.
For Eq. (32) a similar computation gives
∇a
(
ǫabcdE
cUd + 2B[aUb]
)
= 0. (34)
Projecting Eq. (33) along the directions parallel and orthogonal to the flow
vector U b one obtains the two equations
ǫ∇aEa + EbU˙
b − ǫabcdU
aBb∇cUd = U bJb, (35)
ǫUeǫabcdU
bBc∇aUd −
(
E˙e + ǫUeE
bU˙b
)
−∇a(ǫaecdB
cUd)
+hbeEa∇
aUb − Ee∇
aUa = h
b
eJb, (36)
Projecting Eq. (34) along the directions parallel and orthogonal to Ua one
obtains
ǫabcdU
bEc∇aUd + ǫ∇aBa − U
bB˙b = 0, (37)
ǫabcdh
b
f∇
a(EcUd) +Bah
b
f∇
aUb − h
b
f B˙b −Bf∇
aUa = 0, (38)
where it has been used that ∇a(E
bUb) = Eb∇aU
b + Ub∇aE
b = 0.
The electromagnetic current vector Ja will be split with respect to the flow
vector as
Ja = ρCU
a + ja, (39)
where ρC denotes the charge density and j
a is the orthogonally projected con-
duction current. Using the decomposition Eq. (39) in Eqs.(35) and (36), one
obtains the following propagation equations for the electric and magnetic parts
of the Faraday tensor:
E˙〈f〉 = −2E
ahf [a∇b]U
b − ǫabcdh
b
f∇
a(BcUd)− jf , (40)
B˙〈f〉 = −2B
ahf [a∇b]U
b + ǫabcdh
b
f∇
a(EcUd), (41)
and from Eqs.(37) and (38) the constraint equations
ǫDaBa = −ǫabcdU
bEc∇aUd, (42)
ǫDaEa = ǫabcdU
aBb∇cUd + ǫρC, (43)
where w˙〈a〉 ≡ ha
bw˙b denotes the directional covariant derivative along the
flow vector (Fermi derivative) and Dawb ≡ ha
uhb
v∇uwv is the orthogonally
projected covariant derivative of a vector. We note that ǫabcdhf
b∇a(XcUd) =
−curlXf + ǫǫafcdU
aXcU˙d, where curlXf ≡ ǫfacdU
d∇aBc.
In the sequel, it will be necessary to specify the form of the conduction
current, ja. Consistent with Ohm’s law, we assume a linear relation between
the conduction current ja and the electric field. More precisely, we set
ja = σabEb, (44)
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where σab denotes the conductivity of the fluid (plasma). We will restrict our
attention to isotropic fluids for which σab = σgab, so that Eq. (39) becomes
Ja = ρCU
a + σEa, (45)
with σ the electrical conductivity coefficient. Ideal MHD is characterised by
the condition, σ →∞ (ideal conductive plasma). It follows from Eq. (45) that
for this to be the case one requires the constraint Ea = 0.
3.3 The fluid equations
Form the conservation of the energy-momentum tensor
∇aTab = 0, (46)
and using Eqs. (17) and (20) and the Maxwell equation Eq. (30) one obtains
∇aT emab = −ǫ (∇
aFac)F
c
b , (47)
∇aT fab = UbUa∇
a(p+ ρ) + (p+ ρ) [Ub(∇
aUa) + Ua∇
aUb]− ǫ∇bp. (48)
Therefore, Eq. (46) reads:
UbUa∇
a(p+ρ)+(p+ρ) [Ub(∇
aUa) + Ua∇
aUb]−ǫ∇bp−ǫ (∇
aFac)F
c
b = 0. (49)
In what follows, we will consider the projections of (49) along the directions
parallel and orthogonal to the flow lines of the fluid. Contracting Eq. (49) with
ǫU b we obtain the conservation equation
Ua∇
aρ+ (p+ ρ)∇aUa − U
bF cb (∇
aFac) = 0, (50)
where the constraint (18) has been used. For an ideally conducting fluid, where
Ea = FabU
b = 0, the last term of Eq. (50) is identically zero and the electro-
magnetic field does not have a direct effect on the conservation equation along
the flow lines. Contracting (49) with the projector hbc one obtains the Euler
equation
(p+ ρ)Ua∇aU
c − ǫhbc∇bp− ǫ(∇
aFad)F
d
b h
bc = 0. (51)
The later equation can also be written as
(p+ ρ)Ua∇
aUb + (UbU
d∇d − ǫ∇b)p− ǫ(∇
aFad)
(
F db − ǫF
edUeUb
)
= 0. (52)
In the ideal MHD case the last term of Eq. (52) is identically zero so that
Eq. (51) reduces to
(p+ ρ)Ua∇aU
c − ǫhbc∇bp− ǫ(∇
aFad)F
cd = 0. (53)
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3.4 Thermodynamic considerations
Here we consider a one species particle fluid (simple fluid). We denote by
n, s, T the particle number density, the entropy per particle and the absolute
temperature, as measured by comoving observers.We also introduce the volume
per particle, v, and the energy per particle, e, via
v ≡
1
n
, e ≡
ρ
n
. (54)
In terms of these variables the first law of Thermodynamics, de = −pdv+Tds,
takes the form
dρ =
p+ ρ
n
dn+ nTds. (55)
Assuming an equation of state of the form ρ = f(n, s) ≥ 0, one obtains from
Eq. (55) that
p(n, s) = n
(
∂ρ
∂n
)
s
− ρ(n, s), T (n, s) =
1
ρ
(
∂ρ
∂s
)
n
. (56)
Assuming that ∂p/∂ρ > 0 we define the speed of sound, νs = νs(n, s), by
ν2s ≡
(
∂p
∂ρ
)
s
=
n
ρ+ p
∂p
∂n
> 0. (57)
Since we are not considering particle annihilation or creation we consider
the equation of conservation of particle number:
Ua∇an+ n∇aU
a = 0. (58)
Combining this equation with Eqs. (50) and (55) we obtain
Ua∇as =
1
nT
U bF cb ∇
aFac. (59)
In the case of an infinitely conducting plasma, where the last term of Eq. (55)
vanishes, Eq. (59) describes an adiabatic flow —that is, Ua∇as = 0, so that
the entropy per particle is conserved along the flow lines. A particular case of
interest is when s is a constant of both space and time. In this case the equation
of state can be given in the form p = p(ρ). A further discussion on homentropic
flows and barotropic equations of state is provided in Appendix A.
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4 The hyperbolic reduction procedure
4.1 General considerations
Following [3], we introduce the notation
Na ≡ δ0
a, N ≡ Naea = e0. (60)
For a given tensor any contraction with N will be denoted by replacing the
corresponding index by N , and the projection with respect to ha
b will be
indicated by a prime. Accordingly, for a tensor Tabc one writes
T ′aNb ≡ Tmpqha
mNphb
q. (61)
Introducing the notation ǫabc = ǫ
′
Nabc, where ǫ0123 = 1, we obtain the decom-
position
ǫabcd = 2ǫ
(
N[aǫb]cd − ǫab[cNd]
)
. (62)
Given a spatial tensor Ta1···ap = T
′
a1···ap we define the spatial covariant deriva-
tive
DaTa1···ap = ha
bha1
b1 · · ·hap
bp∇bTb1···bp . (63)
One has, in particular, that Dahbc = Daǫbcd = 0.
For convenience, we introduce the tensors
aa ≡ N b∇bN
a, χab ≡ h
c
a∇cNb, χ ≡ h
abχab. (64)
In terms of these we can write
∇aN
b = ǫNaa
b + χa
b, aa = hb
aΓ b00, χab = −ǫha
chb
dΓ 0cd. (65)
Key for our subsequent discussion will be the decomposition of the Weyl
tensor on terms of its electric, Eˆab ≡ C
′
NaNb, and magnetic parts, Bˆab =
C∗′NaNb, with respect to Na given by
Cabcd = 2ǫ(lb[cEˆd]a − la[cEˆd]b)− 2(N[cBˆd]pǫ
p
ab +N[aBˆb]pǫ
p
cd) (66)
where lab ≡ hab − ǫNaNb. From the Bianchi identity Eq. (13) for the tensor
Fabcd we obtain the decomposition
Fabc = Na (F
′
NbNNc − F
′
NcNNb)− 2ǫF
′
aN [bNc] + ǫNaF
′
Nbc + F
′
abc, (67)
from where it follows that
ǫF ′aNb = LNF
′
NaNb + ǫD
cF ′caNb − a
c (F ′Nacb + F
′
caNb) + ǫaaF
′
NNNb
−ǫχcdF ′cadb − χ
c
a F
′
NcNb − χ
c
b F
′
NaNc + χ
c
aF
′
cNNb + χF
′
NaNb.(68)
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4.2 Detailed analysis of the evolution equations
In the sequel we make the following specific choice of timelike frame vector:
N = e0 = U, Na = Ua.
Using the decomposition given by Eq. (14) we compute the following com-
ponents of the tensors Fabcd and F˜abcd:
F˜ ′NNNa = 0, F
′
NNNa = −
ǫκ
2
T emec U
chea, (69)
F˜ ′NaNb = Bˆab, F
′
NaNb = Eˆab +
κρ
6
hab −
κǫ
2
T emdc h
d
bh
c
a, (70)
F˜ ′NNab =
κ
2
(
T empv U
v
)
ǫpuabU
u, F ′NNab = 0, (71)
F˜ ′aNNb = −Bˆab +
κ
2
(
T empv U
v
)
ǫpaubU
u, (72)
F ′aNNb = −Eˆab +
κ
2
hab
[(
2
3
ρ+ p
)
+ T emuv U
vUu
]
, (73)
F˜ ′Nabc = ǫEˆapǫ
p
bc −
κρǫ
6
ǫaubcU
u +
κ
2
(
T empv h
v
a
)
ǫpubcU
u, F ′Nabc = −ǫBˆapǫ
p
bc,(74)
F˜ ′aNbc = −ǫEˆapǫ
p
bc +
ǫκ
2
(
2
3
ρ+ p
)
Upǫ
p
abc +
κ
2
(
T emup U
u
)
ǫpdvfh
d
ah
v
bh
f
c, (75)
F ′aNbc = Bˆapǫ
p
bc −
κ
2
[
hab
(
T emfu U
uhf c
)
− hac
(
T emfu U
uhf b
)]
, (76)
F˜ ′abNc = −2ǫEˆp[bǫ
p
a] c −
κρǫ
6
ǫbavcU
v +
κ
2
T empu h
u
bǫ
p
avcU
v, (77)
F ′abNc = −ǫBˆcpǫ
p
ab +
κ
2
hacT
em
uv U
uhvb, (78)
F˜ ′abcd = −Bˆpqǫ
p
abǫ
q
cd −
ǫρκ
6
ǫpuefh
p
bh
u
ah
e
ch
f
d +
κ
2
(
T empv h
v
b
)
ǫpuefh
u
ah
e
ch
f
d,(79)
F ′abcd = 2ǫ
[
lb[cEˆd]a − la[cEˆd]b
]
+
ǫκρ
3
hc[ahb]d − κT
em
uv h
v
bhc[ahd]
u. (80)
Moreover, Eq. (9) becomes,
Sab = S
f
ab + S
em
ab , (81)
where
Sfab ≡ κ
[
T fab −
1
3
gabg
cdT fcd
]
= κ
[(
2
3
ρ+ p
)
UaUb −
ǫρ
3
hab
]
, (82)
and
Semab ≡ κT
em
ab = −ǫκ
(
FacF
dcgdb −
1
4
FcdF
cdgab
)
. (83)
Using Eq. (81) and Eq. (66) in Eq. (8), the Riemann curvature tensor Rabcd,
can be decomposed in the form
Rabcd = R
W
abcd +R
m
abcd +R
em
abcd, (84)
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where
Remabcd ≡ κ
(
(E2 +B2)
[
1
2
(
ga[cgd]b − gb[cgd]a
)
− 2ǫU[bga][cUd]
]
− 2E[bga][cEd] + 2B[bga][cBd]
+2ǫ
[
U[agb][cGd] − G[agb][cUd]
] )
, (85)
and
RWabcd ≡ 2ǫ(lb[cEˆd]a − la[cEˆd]b)− 2(U[cBˆd]pǫ
p
ab + U[aBˆb]pǫ
p
cd), (86)
Rmabcd =
1
3
ǫκρ
(
lb[chd]a − la[chd]b
)
+ κp
(
ha[cUd]Ub − hb[cUd]Ua
)
. (87)
Finally, from the decomposition Eq. (68) we identify the tensors
ǫF˜ ′(a|N |b), ǫ
[
F ′(a|N |b) −
1
2
habh
uvF ′uNv
]
,
As it will be shown in the next subsections, the evolution equations for the
electric and magnetic parts of the Weyl tensor will be extracted from these ten-
sors. The essential difficulty in our analysis resides in a satisfactory treatment
of these equations.
4.2.1 Evolution equation for Bˆab
From Eqs. (68) and (13) we obtain the following evolution equation for the
magnetic part of the Weyl tensor
0 = ǫF˜ ′(a|N |b) = LU Bˆab −DdEˆc(aǫb)
dc + 2ǫacǫ
cd
(aEˆb)d − χ
c
(aBˆb)c
−2χ(a
cBˆb)c + χBˆab − ǫχcdBˆpqǫ
pc
(aǫ
dq
b) + ǫF˜
′em
(a|N |b),(88)
where
ǫF˜
′em
(a|N |b) ≡
κǫ
2
Dc
(
T emup ǫ
p
cv(bh
u
a)U
v
)
−
ǫκ
2
χcd
(
T empv h
v
(ah
f
b)
)
ǫpuefh
u
ch
e
d+
κ
2
ǫpcu(bχ
c
a)U
u
(
T empv U
v
)
.
(89)
In vacuum, Eq. (88) together with its electric counterpart provide hyperbolic
evolution equations for the electric and magnetic parts of the Weyl tensor
independently of the gauge choice. This is not automatically the case in the
presence of matter. Using Eq. (83) in Eq. (89) we find that the electromagnetic
contribution to the evolution equation of Bˆab is given by
ǫF˜
′em
(a|N |b) ≡
−ǫκ
2
(
ǫDc
[
Uvǫpcv(b
(
hua)FuqFp
q −
1
4
ha)pFqsF
qs
)]
−ǫχueǫpuef
(
hf (bh
v
a)FvcF
c
p −
1
4
hf (bha)pFqsF
qs
)
− Uuǫpcu(bχ
c
a)EdFp
d
)
.(90)
Notice that this last expression contains derivatives of the Faraday tensor
which cannot be replaced by means of the Maxwell equations. These deriva-
tives enter into the principal part of the evolution equations and destroy the
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hyperbolicity of the evolution equations for the magnetic part of the Weyl
tensor. In order to deal with this difficulty and additional variable, represent-
ing the derivative of the Faraday tensor needs to be introduced. This will be
discussed in subsection 4.3.
4.2.2 Evolution equation for Eˆab
The evolution equation for the electric part of the Weyl tensor can be obtained
from Eq. (68) as follows:
0 = ǫ
[
F ′(a|N |b) −
1
2
habh
uvF ′uNv
]
= LU Eˆab +DcBˆd(aǫb)
cd − 2ǫacǫ
cd
(aBˆb)d − 3χ(a
cEˆb)c − 2χ
c
(aEˆb)c
+habχ
cdEˆcd + 2χEˆab +
κ
2
(ρ+ p)
[
χ(ab) −
1
3
χhab
]
+ ǫ
[
F
′em
(a|N |b) −
1
2
habh
uvF
′em
uNv
]
,(91)
where
ǫ
[
F
′em
(a|N |b) −
1
2
habh
uvF
′em
uNv
]
=
1
4
ǫκLU
(
T emdc h
d
ah
c
b
)
+
ǫκ
2
[
hv(aDb) −
1
2
habD
v
]
(T emuv U
u)
+κT emuv U
v
[
hab
2
au − hu(baa)
]
+
κ
2
T emuv U
uUv
[
χ(ab) −
hab
2
χ
]
+
κǫ
2
[
2χ(a
uhvb) − χ(a
uhb)
v −
χuvhab
2
]
T emuv . (92)
Finally, using Eq. (83) we obtain the explicit expression
ǫ
[
F
′em
(a|N |b) −
habh
uv
2
F
′em
uNv
]
= −
κLU
4
[
hq(ah
c
b)FqfFc
f −
habFqpF
qp
2
]
−
κ
2
[
habD
v
2
− hv(aDb)
]
(EcFvc)
−κǫEcFvc
(
hv(aab) −
hab
2
av
)
−
κ
2
FudFv
d
[
2χ(a
vhb)
u − χv(ahb)
u −
1
2
χuvhab
]
+
κ
4
χ(ab)FqpF
qp −
κǫ
2
E2χ(ab) −
1
8
χhabFqpF
qp +
1
4
ǫκχhabE
2. (93)
As in the previous subsection we observe the presence of derivatives of the
Faraday tensor which need to be dealt with by the introduction of a new field
if one is to preserve the hyperbolicity of the equations.
4.3 An auxiliary field
As discussed previously, derivatives of the Faraday tensor appear in the evo-
lution equations implied by the Bianchi identity. This feature of non-vacuum
systems destroys, in principle, the hyperbolicity of the evolution equations.
In order to get around with this difficulty, it is necessary to introduce the
covariant derivative of the Faraday tensor as a field variable. More precisely,
let
ψabc ≡ ∇aFbc. (94)
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As a consequence of the definition and the Maxwell equations the tensor ψabc
has the symmetries ψabc = ψa[bc], ψ[abc] = 0. In order to construct a suitable
equation for ψabc we consider the commutator of the covariant derivative ∇ in
the form
∇a∇bFcd −∇b∇aFcd = −2Fe[cR
e
d]ab. (95)
Making use of the definition of ψabc one obtains
∇aψbcd −∇bψacd = −2Fe[cR
e
d]ab, (96)
where in the right hand side we use the expression for Rabcd involving the its
decomposition in terms of the Weyl tensor and the matter fields. The tensorial
expression (96) provides the required field equations.
4.4 Propagation equations for the auxiliary field
In order to deduce from them suitable evolution equations one proceeds by
analogy to the case of the Faraday tensor Fab. Proceeding as in the case of
Eqs. (30) and (32) we obtain the following two equations for ψabc
∇bψadb = 2F
e[bRd]aeb − ǫ∇aJd, (97)
∇a∗ψcab = ǫ
aud
b FeuR
e
dac, (98)
where Rabcd is given by Eq. (84). In the subsequent discussion is convenient
to introduce here the following notation
ψayz ≡ Ψyz = Ψ[yz]. (99)
That is, the first index of ψabc tensor is dropped. Because of the ψabc is an-
tisymmetric with respect to the last pair of indices, it is natural to introduce
its electric and magnetic part respect to Ua via
Ed ≡ ΨdN ≡ ψadnU
n, Bu ≡
1
2
ǫuvztUvΨzt, (100)
respectively, so that are Ed and Bd are spacelike vectors:
EaU
a = BaU
a = 0. (101)
Accordingly, we write the tensor Ψ as
Ψab = ǫ [Eab −
∗Bab] . (102)
Furthermore, one has that
∗Ψab = ǫ [
∗Eab + Bab] , (103)
where
Eab ≡ 2E[aUb],
∗Eab ≡ ǫabcdE
cUd, (104)
Bab ≡ 2B[aUb],
∗Bab ≡ ǫabcdB
cUd. (105)
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Continuing the analogy with the Maxwell equations and the Faraday tensor
Fab, it follows that Eqs. (97) and Eq. (98) read
E˙d −
(
∇bEb
)
Ud −∇
bǫdbcvB
cUv − 2E[b∇
bUd] = ǫSd, (106)
∇a
(
ǫabcdE
cUd + 2B[aUb]
)
= ǫVb, (107)
where
Sd ≡ 2F
e[bRd]feb − ǫ∇fJd, Vb ≡ −ǫ
aud
f FeuR
e
dab. (108)
Projecting Eq. (106) along the directions parallel and orthogonal to the
4-velocity U b, one obtains the following set of two equations:
EbU˙
b + ǫ∇aEa − ǫabcdU
aBb∇cUd = −ǫU bSb, (109)
E˙e + ǫUeE
bU˙b + Ee∇
aUa − h
b
eEa∇
aUb − ǫUeǫabcdU
bBc∇aUd
+∇a(ǫaecdB
cUd) = −ǫhbeSb. (110)
A similar procedure applied to Eq. (107) gives
ǫabcdU
bEc∇aUd + ǫ∇aBa +B
bU˙b = ǫU
bVb, (111)
ǫabcdh
b
f∇
a(EcUd) + Bah
b
f∇
aUb − h
b
f B˙b − Bf∇
aUa = ǫhf
bVb. (112)
The propagation equations (109)-(110) can be written as
E˙〈f〉 = −2E
ahf [a∇b]U
b − ǫabcdh
b
f∇
a(BcUd) + ǫhdfSd, (113)
B˙〈f〉 = −2B
ahf [a∇b]U
b + ǫabcdh
b
f∇
a(EcUd)− ǫhdfVd. (114)
while the constraint equations (111)-(112) assume the form
ǫDaBa = −ǫabcdU
bEc∇aUd + ǫUdVd, (115)
ǫDaEa = ǫabcdU
aBb∇cUd − ǫUdSd. (116)
In order to verify that Eqs. (113)-(114) give appropriate hyperbolic evolu-
tion equations, we need the explicit expression for the electromagnetic current
vector Ja given by Ohm’s law —see Eq. (45). A computation then gives that
Vbh
b
v = −ǫ
aud
f FeuR
e
dabh
b
v. (117)
Sdh
d
v = F
ebRdfebh
d
v +Rfe (F
e
v − ǫE
eUv)− ǫ
(
∇f (σEv) + ǫUvσEd∇fU
d + ρC∇fUv
)
.
In the last equation it is assumed that the derivatives of the components of the
Faraday tensor appearing in the right hand side of (118) are rewritten in terms
of the tensor ψabc. Furthermore, Rabcd is expressed in terms of its irreducible
components.
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Finally, using the kinematic quantities defined in Eq. (64) we finally rewrite
Eqs. (113-114) as:
E˙〈f〉 = −E
a
[
χhfa − hfb
(
ǫUaa
b + χba
)]
+ curlBf − ǫǫafcdB
cUaad + ǫhdfSd,
(118)
B˙〈f〉 = −2B
a
[
χhfa − hfb
(
ǫUaa
b + χba
)]
− curlEf + ǫǫafcdE
cUaad − ǫhdfVd,
(119)
where Vbh
b
v and Sdh
d
v are given by (117)-(118). These equations provide the
required evolution equations for the components of the auxiliary field ψabc. The
hyperbolicity follows by comparison with the Maxwell evolution equations,
Eqs. (40)-(41).
4.5 Propagation equations for frame coefficients and connection coefficients
We now consider the evolution equations for the tetrad coefficients, ea
µ, and
the Ricci rotation coefficients, Γb
a
c.
The gauge choice N = e0 = U , Na = Ua, U
a = e0
a = δ0
a together with
Eq. (4) readily give
∂tei
µ = (Γ j0 i − Γ
j
i 0)ej
µ + Γ 00 ie0
µ. (120)
In order to obtain evolution equations for the Ricci rotation coefficients,
one imposes the gauge condition Γ0
j
i = 0 arising from the Fermi propagation
of the spatial frame vectors —see [3]. It can be verified that as a consequence
of the metric compatibility condition Γa(bc) = 0 one only needs to consider
evolution equations for the component Γ iq j , Γ
0
0 i and Γ
0
i j .
A propagation equation for Γ iq j is readily found from Eq. (7). One has
that
∂tΓ
i
q j = R
i
j0q − Γ
i
k jΓ
k
q 0 − Γ
i
0 0Γ
0
q j + Γ
0
0 jΓ
i
q 0. (121)
The propagation equations for Γ 00 i and Γ
0
q j require a more elaborated
analysis involving the fluid equations. From Eq. (49) together with the ther-
modynamic relations (56) we obtain
p˙ = −ν2s∇
aUa(ρ+ p)− U
bF cb ∇
aFac. (122)
Furthermore, using Eq. (50) and Eq. (122) we have
ǫ∇dp = (ρ+ p)(U˙d − Udν
2
s∇
aUa)− ǫ∇
aFacF
c
d , (123)
so that the condition ∇[a∇b]p = 0 with Eq. (123) implies
0 = ∇e
(
(ρ+ p)(U˙d − Udν
2
s∇
aUa)
)
−∇d
(
(ρ+ p)(U˙e − Ueν
2
s∇
aUa)
)
−2ǫ
(
F c[d∇e] +∇[eF
c
d]
)
∇aFac.
(124)
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This equation can be conveniently split as the sum of the three terms:
Jed ≡ Aed +Med + Fed = 0, (125)
where
Aed ≡ 2(ρ+ p)∇[e(U˙d] − Ud]ν
2
s∇
aUa), (126)
Med ≡ 2(U˙[d − U[dν
2
s∇
aU|a|)∇e](ρ+ p), (127)
Fed ≡ −2ǫ
(
F c[d∇e] +∇[eF
c
d]
)
∇aFac. (128)
Now, if one regards the velocity of sound νs as function of n and s, then from
the (0, i) component of Eq. (125) and Eq. (123) we obtain:
e0Γ
0
0 i − ν
2
seiΓ
j
j 0 + Γ
0
0 j
(
Γ ji 0 − Γ
j
0 i
)
− ν2sΓ
j
j 0Γ
0
0 i =
−
ρ+ p
ν2s
(
∂2p
∂ρ2
)
s
Γ jj 0
(
Γ 00 i +
1
p+ ρ
(∇dFde)F
e
i
)
−
β
ρ+ p
Γ 00 i∇0s+
α
ρ+ p
∇isΓ
j
j 0
−
1
ρ+ p
(Γ 00 iγ0 − Γ
j
j 0γi)−
2
ρ+ p
∇[0(F
c
i] ∇
dFdc), (129)
where
γa ≡
ν2s + 1
ν2s
F ca ∇
dFdc, (130)
β ≡ nT −
1
ν2s
∂p
∂s
, α ≡ (ρ+ p)
∂ν2s
∂s
−
(
1 +
n
ν2s
∂ν2s
∂n
)
∂p
∂s
+ ν2snT.(131)
Similarly, from the (j, k) component of Eq. (125) we find that
ekΓ
0
0 j − ejΓ
0
0 k − Γ
0
0 i
(
Γ ik j − Γ
i
j k
)
− ν2sΓ
i
i 0
(
Γ 0k j − Γ
0
j k
)
+
2β
ρ+ p
∇[ks Γ0
0
j] +
2
ρ+ p
Γ 00 [kγj] +
2
ρ+ p
∇[k(F
c
j] ∇
dFdc) = 0. (132)
Finally, making use of Eq. (121) in Eq. (129) one obtains
e0Γ
0
0 i − ν
2
sejΓ
j
i 0 = Γ
0
0 j
(
Γ j0 i − Γ
j
i 0
)
+ ν2sΓ
j
j 0Γ
0
0 i −
ρ+ p
ν2s
(
∂2p
∂ρ2
)
s
Γ jj 0
+
(
Γ 00 i +
1
p+ ρ
(∇dFde)F
e
i
)
−
β
ρ+ p
Γ 00 i∇0s+
α
ρ+ p
∇isΓ
j
j 0 −
1
ρ+ p
(Γ 00 iγ0 − Γ
j
j 0γi)
−
2
ρ+ p
∇[0(F
c
i] ∇
dFdc) + ν
2
s
(
Rj0ij + Γ
j
0 0(Γ
0
i j − Γ
0
j i)− Γ
j
p 0Γ
p
j i + Γ
j
j pΓ
p
i 0
)
, (133)
while using
∂tΓ
0
k j = ekΓ
0
0 j +R
0
j0k + Γ
0
0 jΓ
0
0 k − Γ
0
i jΓ
i
k 0 − Γ
0
0 iΓ
i
k j (134)
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from Eq. (7) in Eq. (132) gives
e0Γ
0
k j − ejΓ
0
0 k = −Γ
0
0 p(Γ
p
j k − Γ
p
k j)− ν
2
sΓ
i
i 0(Γ
0
j k − Γ
0
k j)−
2β
ρ+ p
∇[ksΓ
0
0 j]
−
2
ρ+ p
Γ 00 [kγj] −
2
ρ+ p
∇[k(F
c
j] ∇
dFdc) +R
0
j0k + Γ
0
0 jΓ
0
0 k − Γ
0
i jΓ
i
k 0 − Γ
0
0 iΓ
i
k j .
(135)
In all the previous it is understood that terms of the form ∇dFdc are to be
replaced using the relation
∇dFdc = ψc = ρCUc + σEc, (136)
where it is assumed that the charge density, ρC, is constant multiple of the
fluid density, ρ = ̺ρC.
Remark. Important for the hyperbolicity of the evolution equations is that
the term
2
ρ+ p
∇[a(F
c
b] ∇
dFdc),
appearing in Eqs. (129) and Eq. (132), can be rewritten in terms of (Γ ac d, sa, Ea)
if one uses Eqs. (100) and (136).
4.6 Summary of the analysis
In this subsection we summarise our analysis of the evolution equations. Evo-
lution equations for the independent components of the vector variable
v =
(
ei
µ, Γ 00 i, Γ
a
i b, Eˆab, Bˆab, Ea, Ba, Ea,Ba, n, s, sa
)
, (137)
have been constructed. The components of Γi
j
k not included in this list are
determined by means of gauge conditions and symmetries. By construction,
the electric and magnetic parts of the Weyl tensor are tracefree. This symmetry
is disregarded in these considerations and is recovered by imposing it on the
initial data. It can be shown that if these tensors are initially tracefree, then
they will be also tracefree for all later times —see e.g. [2].
The evolution equations for the independent components of the unknowns
in (137) and the underlying assumptions are given as follows:
(i) The propagation equation for the tetrad coefficients, ei
µ, is given by Eq. (120)
by virtue of the Lagrange condition Ua = ea0 = δ
a
0 . Eq. (120) has the same
principal part than the corresponding equation in the uncharged case as
described in [3]. It gives rise to a symmetric hyperbolic subsystem of equa-
tions.
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(ii) The connection coefficients, Γ 00 i and Γ
a
i b are given, respectively, by Eqs.
(129) and Eq. (132). In addition, the gauge condition, Γ j0 i = 0, is assumed.
Eq. (121) takes care of Γ qj k. As in the case of the equations frame coeffi-
cients, Eqs. (129), (132) and (121) have the same principal part as in the
uncharged case analysed in [3]. These equations again form a symmetric
hyperbolic subsystem of equations.
(iii) The evolution equations for the electric part, Eˆab, and the magnetic part,
Bˆab, of the Weyl tensor are given, respectively, by Eqs. (91) and (88). As
mentioned before, the tracefreeness of these tensors is not used to reduce
the number of independent components. Thus one has 12 equations for
equal number of components. Equations with a principal part of the form
of Eqs. (91) and (88) are symmetric hyperbolic independently of the gauge
choice —see e.g. [2].
(iv) The propagation equation for the electric part, Ea, and the magnetic part,
Bb, of the Faraday tensor are given, respectively, by Eqs. (40) and (41).
The isotropic Ohm law, Eq. (45) has been assume in the deduction of these
equations. As in the case of the equations for the electric and magnetic
parts of the Weyl tensor, the principal part of these equations is known to
be hyperbolic independently of the gauge —again, see e.g. [2].
(v) The evolution equations for the electric part, Ea, and magnetic part, Bb,
of the field ψabc, corresponding to the covariant derivative of the Faraday
tensor are given, respectively, by Eqs. (118) and (119). These equations
involve 24 equations for as many unknowns. Their structure is analogous
to that of Eqs. (40) and (41), except that they contain an extra free index.
As a consequence, their principal part gives rise to a symmetric hyperbolic
subsystem.
(vi) The evolution equation for the particle number density n is given by
Eq. (58). This equation is consistent with symmetric hyperbolicity as in the
Lagrangian gauge all the derivatives of the flow vector Ua are replaced by
connection coefficients, and thus, it contains no derivatives in the spatial
directions.
(vii) The evolution equation for the entropy per particle, s, is given by Eq. (59)
with the understanding that the covariant derivative of the Faraday tensor
arising in the right-hand side is to be expressed in terms, either, of the
auxiliary field ψabc or written in terms of the current vector Ja using the
inhomogeneous Maxwell equation (30).
(viii) Finally the equation for sa ≡ ∇as is obtained by covariant differentiating
Eq. (130), commuting covariant derivatives and taking into account having
in mind Eqs. (136) and, again, (130).
Summarising, Eqs. (40), (41), (58), (88), (91), (118), (119), (120), (121),
(129), (132) and (130) provide the desired symmetric hyperbolic evolution sys-
tem for the Einstein-charged perfect fluid system. This system can be written
in the form
A0∂0v −A
j∂jv = Bv, (138)
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where Aµ = A0(xµ,v) are matrix-valued function of the coordinates and the
unknowns v, and A0 is positive definite. The structure of the system (138)
ensures the existence of local solutions to the evolution equations. The analysis
of whether these solutions give rise to a solution of the full Einstein-charged
perfect fluid system requires the analysis of the propagation of the constraint
equations. This is a computationally intensive argument which will be omitted
here.
4.7 Infinitely conductive plasma
A particularly important subcase of our previous analysis is that of an ideal
conductive plasma, defined by the condition Ea = 0 —ideal magnetohydro-
dynamics. The hyperbolic problem for this case can be naturally treated as a
subcase of the general case in which the Faraday tensor has all the six inde-
pendent components. In this case the vector variable v reduces to
v = {eµi , Γ
0
0 i, Γ
a
i b, Eˆab, Bˆab, Ba, Ea,Ba, n, s, sa}. (139)
Notice that although Ea = 0, one nevertheless has a non-vanishing electric
part of the auxiliary tensor ψabc as can be seen from Ei = −Γ
j
a dFijU
d.
In the infinitely conductive plasma case the system consisting of Eq. (30),
Eq. (50), Eq. (51), and Eq. (59) reduces to
Ua∇
aρ+ (p+ ρ)∇aUa = 0, (140)
(p+ ρ)Ua∇aU
c − ǫhbc∇bp− ǫ(∇
aFad)F
d
b h
bc = 0, (141)
Ua∇as = 0, (142)
Remark 1. As a consequence of Eq. (142) the entropy per particle is constant
along the flow lines of the perfect fluid. This fact is translated into Eq. (142),
propagation equation for s, that implies the propagation equation LUsa = 0.
Remark 2. Consistent with Ohm’s law the source term of the Maxwell equa-
tion is in this case simply given by Ja = ρCUa.
5 Conclusions
In the present article we have revisited the issue of wellposedness initial value
problem for the evolution equations of the Einstein-Maxwell-Euler system (a
selfgravitating charged perfect fluid). Our analysis assumes a system consist-
ing of a single relativistic perfect fluid obeying to a certain equation of state.
The approach followed makes use of the well known 1+ 3 tetrad formalism by
means of which the various tensorial quantities and equations are projected
along the direction of the comoving observer and onto the orthogonal subspace.
Following [3,2], we require the timelike vector of the orthonormal frame to fol-
low the matter flow lines (Lagrangian gauge). Moreover, we assume the vector
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fields tetrad to be Fermi transported in the direction of U , these conditions
fix certain components of the connection.
A key feature of our analysis was the introduction of a rank 3 tensor ψabc
corresponding to the covariant derivative of the Faraday tensor Fab. The pur-
pose of introducing this tensor was to ensure the symmetric hyperbolicity of
the propagation equations for the components of the Weyl tensor. The sym-
metries of the tensor ψabc readily allow a decomposition analogous to that of
the Faraday tensor into electric and magnetic parts.
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A On the equations of state
A.1 Homentropic flows
A fluid is said to be homeontropic is s is constant in space and time. In general, the equation
of state is given by ρ = f(n, s). Now, if one has an homeontropic flow, the latter can
be written as ρ = f(n) —there is no dependence on s as it is constant. Now, if f is a
differentiable function of n and f ′(n) 6= 0, then one can write n = f−1(ρ). It then follows
that
p = n
∂ρ
∂n
− ρ,
= nf ′(n) − ρ,
= nf ′(f−1(ρ)) − ρ.
Thus, p is of the form p = h(ρ) —that is, one obtains a barotropic equation of state.
A.2 Conditions for a barotropic equation of state
In the previous section we have shown that the assumption of an homeontropic flow implies
a barotropic equation of state. We now investigate more general situations for which one
can have this type of equation of state.
Assume that p = h(p) . Then, from
p(n, s) = n
(
∂ρ
∂n
)
− ρ(n, s)
it follows that
h(f(n, s)) = n
(
∂f
∂n
)
− f(n, s).
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The latter can be read as a (possibly non-linear) differential equation for f(n, s). It can be
integrated to obtain
exp
(∫
df
h(f) + f
)
= g(s)n,
where g(s) is an arbitrary function of s. This expression can be used to eliminate n from
the discussion. In the case of a dust equation of state (p = 0), the last relation reduces to
ρ/n = g(s).
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